Rezolvarea ecuatiilor 9 sistemelor de ecuatii

I Ecuatii si sisteme de ecuatii algebrice

Specificarea ecuatiilor si sistemelor de ecuatii

m Ecuatii

ecuatie = expresie relationala ce contine operatorul de egalitate

Exemplu: <membru stang> = = <membru drept>

| ecl=ax”"2+bx+c=0

c+bx+rax?

1-x+x?

| ec2=x"2-x +1=0

m Sisteme de ecuatii

Sistem de ecuatii = ansamblu (lista) de ecuatii

Exemple:

1. listadeecuatii: {ecl, ec2, ..., ecn}

2. egditateadoualiste: {msl,ms2,...,msn}=={md1,md2,...,mdn}

3. expresierelationalacompusa: ecl && ec2 & & ... && ecn
3% + y=2

Fie sistemul {4x $Exy=1
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sisteml = {3x"2+y =2, 4Xx+5Xxy =1}

{3x?+y =2, 4x+5xy =1}

sisten2 = {3x"2+y, 4x+5xYy} = {2, 1}

sisten8=3x"2+y = 2 &&4x+5xy==

3x2+y =284 x+5xy =1

| {3x%+y, 4x+5xy} = (2, 1}

Observatie: sistemeleliniare pot fi specificate prin:  A.X==B

| sistemd = A X=B

| {fax+by, cx+dy} = {e, f}

A={{a! b}, {C! d}}, B={e! f}- X={X, y}a
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Rezolvare prin metode exacte

Mathematica poate rezolva exact orice ecuatie polinomiala de
grad mal mic decat 5, orice sistem liniar, precum si ecuatii tran-
scendente in care intervin functii inversabile.

Functii principale: Solve (furnizeaza valori exacte ale solutiilor)

NSolve (furnizeaza valori aproximative ale
solutiilor - pot fi aplicate doar ecuatiilor/sistemelor cu coeficienti
numerici)

Mod de apel: Solve[ecuatie, necunoscuta] sau Solve[sistem,
lista necunoscute]

similar pentru NSolve

Solutii: Solve st NSolve returneaza solutiile sub forma unor reg-
uli de transformare

m Exemplederezolvare a ecuatiilor

sol 1 = Sol ve[ecl, x]

b2 4ac -b++/b2-4ac

(+ extragerea valorilor radacinilor din regulile de transformare
returnate de catre Solve x)

| X /. sol 1l
‘ Vbz 4ac -b+ Vb24ac}
' 2

(» verificarea
radacinilor: se aplica regulile de transformare asupra ecuatiei =x)
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| ecl /. sol1l

b[—b—x/b2—4ac) (—b—w/b2—4ac]2
{C+ + = 0,
2a 4 a
b[—b+x/b2—4ac) (—b+x/b2—4ac]2
C + + == }
2a 4 a

Sinmplify[ecl /. sol 1]
{True, True}
(* Rezolvarea ecuatiei x"2- x +1=0 =x)

sol 2 = Sol ve[ec2, X]

{{x~ (-1)1/3}, {x-»—(—1)2/3}}
[{x> (113}, {x>-(-1)?3}}

N[%] (* determ narea val orilor aproxi mative =)

{{Xx->0.5+0.8660251}, {x—>0.5-0.8660251i}}

sol 2b = NSol ve [ec2, X]
(» deternminarea directa a valorilor aproximtive =)

{{x>0.5-0.8660251i}, {X>0.5+0.8660251}}

m Ecuatii transcendente

| Sol ve[Log[x"2] == 4, X]

| -
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| Solve[Sin[x"2] == 0.5, x]
Solve::ifun:
I nverse functions are being used by Solve, so sone solutions nay not

be found; use Reduce for conplete solution information. >

| {{X > -0.723601}, {x -0.723601})}

m Ecuatii polinomiale de grad mare

| Solve[x"10 -3 x"5+4x"3-x"2+1=0, x]

x

{

- -1}, {x>Root [1-n1+4u1%-4u1%+u1%-u1®+ 017 -n18 + 119 &, 1]},
1-01+4081% 4014 +015 118 + 1917 - 118 + 419 &, 1
1-01+401% 4014 +015 118 + 1917 - 118 + 919 &,
1-01+401% 4014 015 118 + 1917 - 118 + 419 &,
> Root [1-51+4a13-4a1%+81% - 018 1017 - 118 + 11° &,

eROOt[
[
[
[
- Root [1—nl+41¢13—4n14+1115—ﬂ16+n17—1118 + 119 &,
[
[
[

x

- Root

x

- Root

x

x

1-81+4013% - 481%+ 1815 - 118 + 1517 - 118 + 119 &,
1-11+401% 4014+ 51°5 - 116 517 - 118 + 119 &,
1-11+401% 4014+ 51° - 016 + 517 - 118 + 11° &,

- Root

x

- Root

x

© 00 N o 0o b~ WDN
—— e e

- Root

x

P e e A e e A
X

——

N[%]

{{x->-1.}, {x--0.604405},
{x - -0.948402 - 0. 927994 i}, {x — -0.948402 + 0. 927994 i},
{x - 0.333717 - 0. 547602 i}, {x - 0.333717 +0.547602 i},
{x - 0.339644 - 1. 315751}, {x »0.339644 +1.31575 1},
{x - 1.07724 -0.277579 i1}, {x »1.07724 +0.2775791}}

Observatie. Root permite identificarea succesivaaradacinilor a unel ecuatii polinomiale folosind metode numerice
deizolare aradacinilor (functioneaza pentru polinoame de orice grad)

| N[Root [#"8 + # 5 +1 & 3]]

| -0. 314537 - 0. 844821 1
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N[RootsS[Xx*8 + x5+ 1 =0, X]]

X == -1. 00377 - 0. 270225 i | | X = 1. 00377 + 0. 270225 i | |
X == -0.314537 - 0. 844821 i | | X = -0. 314537 + 0. 844821 i | |
X == 0. 490558 - 1. 02215 i | | X == 0. 490558 + 1. 02215 i | |
X == 0. 827745 - 0. 448046 i | | x = 0. 827745 + 0. 448046 i

Reduce permite identificarea tuturor seturilor de parametri care conduc la solutii:

| Reduce[ax"2 +bXx +cC =0, X]

-b-+/b%2-4ac -b++/b%2-4ac

a+08&& x = || X == ||
2a 2a

C
[a::o&&b;to&&x :76) || (c=08&&b - 0&&a = 0)

m Sisteme de ecuatii

3x2 +y =
4x +5xy =1

| Sol ve[si steml, {x, y}]

33

5

- X%3.10 (157\/165 )}

{{yafl,Xe—l}, {yal70+ >

{ye].];) (74/165 ) x»;o (15+x/165)}}

| Sol ve [si stenm?, {X, y}]

33

5

{{y%—l,X%—l}, {y+%+ ,Xe%(lS—\/165)},

2

{ye% (7—\/165 ) xﬁ% (15+\/165)}}
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| Sol ve [si stenB, {X, y}]

33

5

{{ye—l,XA—l}, {yel70+ 2

{ye% (7—x/165 ) xﬁ% (15+\/165)}}

, x->310 (15—\/165 )}

| s = NSol ve[si steml, {Xx, y}]

({Xx > 0.0718256, y - 1. 98452},
(X 5 0.928174, y » -0.584523}, (X > -1., y>-1.}}

Construirealistei cu valori ale solutiilor:

| {X, y} /. s

| {{0. 0718256, 1.98452}, {0.928174, -0.584523}, {-1., -1.}}
Extragereavalorilor uneiadintre necunoscute (de exemplu, X):

|x/.s

| {0. 0718256, 0.928174, -1.}

m Sistemedeecuatii liniare (A.X==B)
| A= {{a, b}, {c, d}}; B={e, f}; X={X, y}; sistemd=A X==B

| {ax+by, cx+dy} = {e, f}
| Sol ve [si stemd, X]

-de+bf -ce+af
e 7 e —aa

Functie dedicata sistemelor de ecuatii liniare: LinearSolve
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| Li near Sol ve [A, B]

de-bf ce-af
{—bC+ad' bc—ad}

Altavariantaaplicabila sistemelor liniare
| Sinmplify[lnverse[A]. B]

de-bf ce-af
{—bc+ad' bc—ad}

m Altefunctii:

Eliminate: permite eliminarea prin substitutie a unei necunoscute din toate ecuatiile sistemul ui

| El i m nat e[si stenl, Xx]

| 64y -10y?2 +25y3 == 29

Rezolvare prin metode iterative

Anumite ecuatii/sisteme nu pot fi rezolvate exact. |deearezolvarii prin metode iterative constain aporni delao
aproximatieinitialaa solutiel s a 0 imbunatati pana cand se obtine o aproximare suficient de bunaa solutiei.

Functia: FindRoot
Mod de apel: FindRoot[ ecuatie, {x,x0}] (X0 reprezinta aproximatiainitiala)
FindRoot[ sistem, {x,x0} ,{y,y0}, ...] ((x0,y0,...) reprezinta aproximatiainitiala)
Observatii:
1. Numarul deiteratii poate fi controlat prin optiunea Maxlterations->val
2. Stabilireavalorii initiale se bazeaza pe informatii despre solutie extrase, eventual, din reprezentarea graficaafunctiei

3. Functia se bazeaza pe utilizarea metodel or de tip Newton

m Exemplul 1

f[X_]1:= Exp[X]-Sin[x"2]
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Pl ot [f [X], {X, -5, 5}]

| NSol Ve[f [X] == 0, X]

Sol ve: :tdep:
The equations appear to involve the variables to be sol ved
for in an essentially non-al gebraic way. >

NSol ve [e* - Sin[x?] =0, x|

Fi ndRoot [f [x] =0, {x, 0, 1}]

(X > -0.714969)

Fi ndRoot [f [x] =0, {X, -1}]

(X > -0.714969)

Fi ndRoot [f [x] =0, {X, -2}]

(X > -1.72097)

m Exemplul 2:

| gIx_] : = Exp[Abs[x]] - 2
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Pl ot [g[X], {X, -2, 2}]

| Fi ndRoot [g[x] =0, {x, 1}]

(x - 0.693147}

Observatie: metoda [ui Newton poate fi aplicata si pentru sisteme de ecuatii, insa apar dificultati daca jacobianul nu
poate fi calculat simbolic. In acest caz se poate folosi metoda secantei (trebuie specificate doua valori pentru aproxima:
tiainitiala).

| Fi ndRoot [g[x] =0, {x, 0, 1}]

(X - 0.693147)}

| Fi ndRoot [g[x] == 0, {X, -5, -3}]
| {(x - -0.693147)
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I Ecuatii si sisteme de ecuatii diferentiale

Specificarea ecuatiilor diferentiale

m Faraconditii initiale

Se specificasimilar ecuatiilor algebrice: caexpresii relationale ce contin operatorul de egalitate insain care intervin
derivate ale functiilor necunoscute

(i) ecuatie: y'(x)=ay(x) ==> y'[x]==ay[X]
(i) sistem: x'()=-2x()+y(t) ==> {x[t]==-2x[t]+y[t], y[t]==-y[t]+1}
y'(t)=-y(t)+1

ecdifl=y' [X] =ay[x]

y'[x] =ay[x]

sisdifl={x"[t]=-2x[t]+y[t], y'[t]=-y[t] +1}
(X [t]=-2x[t]+y[t], y[t]=1-y[t]}

m Cu conditii initiale (probleme Cauchy)

Ecuatiile diferentiale cu conditii initiale se specifica prin liste de expresii relationale (conditiainitiala se intrepreteaza
ca 0 ecuatie suplimentara)

y'(x)=ay(x) ==>{y'[x]==ay[x], y[0]==1}
y(0)=1

| pbCauchyl = {y' [x] ==ay[X], Y[0] =1}

| {y'[x] =ay[x], y[0] =1}

| pbCauchy2 = {x' [t] =-2X[t] +y[t], y'[t]=-y[t]+1, x[0] =0, y[0] =1}

| {(x'[t]=-2x[t]+y[t], y[t]=1-y[t], x[0] =0, y[0] =1}
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Rezolvarea analitica a ecuatiilor diferentiale

Existafunctii pentru rezolvarea ecuatiilor cu/fara conditii initiale ce contin parametri ssmbolici sau numerici. Se
bazeaza pe metode analitice de rezolvare a ecuatiilor diferentiale.

Functiaa DSolve
Variante de apel:
(i) DSolvelecuatieiny[x], y[x],x] (returneazareguli de transformare pentru expresiay[x])

(ii) DSolve[ecuatieiny[x],y, x] (returneazareguli de transformare pentru functiay)

m Exemple

sdl = DSol ve[ecdi f1, y[x], X]

- e** C[1]}}

{{y > Function[{x}, e*C[1]]}}

(» Reprezentarea grafica a famliei de solutii pentru val ori

| sdl = DSol ve[ecdi f1, y, X]
‘ al e constantei de integrare cuprinse intre 0 si 10 x)
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Pl ot [Eval uate[Tabl e[y [x] /. sd1 /. {a-»1, C[1] i}, ({i,

{X, _21 2}]]

0, 10}7,

Rezolvareasistemului X'[t] == -2 x[t] + y[t], Yt] ==-y[t] + 1

| sd2 = DSol ve[sisdif1, {x, y}, t]

Hx - Functi on[{t 1,
1

y > Function[{t}, 1+e™ C[Z]H}

| Sinmplify[x[t] /. sd2 /. {C[1] » -1, C[2] -» 1}]

{;2e2t +e’t}

Varianta cu functiile necunoscute sub forma de expresii:

| sd3 = DSol ve [pbCauchy?2, {x[t], y[t1}, t]

{{x[t] e;em (-1+e2t), yt] »1}}

-5 et (72+e‘> +et <71+<et) +e 2t C[1] + e 2t <71+<et) C[Z]],
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| X[t]/.sd3/.t->1

-1+ e?
{ 2 (e2 }
Ecuatii diferentiale cu conditii initiale

Varianta cu functiile necunoscute sub formade functii pure:

| sd4 = DSol ve [pbCauchy?2, {x, Yy}, t]

{{x»Function {t1, ;e“ (—1+<e2t”, y > Function[({t}, 1]}}

Calculul valorii solutiei pentru un argument dat

| X[1] /. sd4
-1 2
(52

DSolve permite si rezolvarea ecuatiilor de ordin superior (exemplu: ecuatia oscilatorului armonic liniar):

| ecdif2={x""[t] +w"2x[t] =0, x[0] =0, x' [0] ==VvO}

]+x”7[t] =0, x[0] =0, X [0] = vo}

vO Si n [t w]H}

|sd5 DSol ve[ecdi f2, x, t]
‘ X - Function| {t},
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Plot [x[t] /. sd5 /. {w-10, vO =5}, {t, 0, 10}]

-0.2}

_0.4|

Rezolvarea numerica a ecuatiilor diferentiale

Functia NDSolve

Variante de apel:

(i) NDSolve[ecuatieiny[x], y[x], {x,x0,x1}] (returneazareguli de transformare pentru expresiay[x])
(i) NDSolve[ecuatieiny[x],y, {x,x0,x1}] (returneazareguli de transformare pentru functiay)
Metode folosite: metode numerice de rezolvare a ecuatiilor diferentiale (Runge Kutta, Adamsetc.)

Rezultat: obiect detip InterpolatingFunction, care poate fi evaluat pentru orice argument in domeniul specificat in
NDSolve

DSol ve[{x"' [t] ==x[t] *Exp[x[t]], X[0] =1}, X, t]

I nver seFunction::ifun:
I nverse functions are being used. Values may be
lost for multival ued inverses. >

| nver seFunction::ifun:
I nverse functions are being used. Values may be
lost for multivalued inverses. >

{{x > Function[{t}, -Explntegral Ei ‘%
t +1nverseFunction|[Explntegral E Y, 1, 1][-1]]]}}
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| sol =NDSol ve[{x' [t] ==Xx[t]*Exp[x[t]], x[0] ==1}, x, {t, O, 0.1}]

| {{x > Interpol ati ngFunction[{{0., 0.1}}, <>1}}

| Pl ot [x[t] /. sol, {t, 0, 0.1}]

0. 02 0.04 0. 06 0. 08

| x[0.2] /. sol

I nt erpol ati ngFuncti on: : dnval :

I nput value {0.2} lies outside the range of data in the

i nterpolating function. Extrapolation will be used.

| (2.33439)

>>

. 10



