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Abstract. The semidicretizati on of a time-dep enden t nonlinear partial

di�eren tial equation leads to a large-scale initial v alue problem for ordi-

nary di�eren tial equations whic h often cannot b e solv ed in a reasonable

time on a sequen tial computer. W e in v estigate in what exten t can b e

practically exploited the idea of parallelism across metho d in the case of

suc h large problems, and using a distributed computational system.
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merical solutions of large-scale problems, p erformance analysis, initial
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1 In tro duction

W e consider the initial v alue problem (IVP), for a large n um b er of nonlinear

ordinary di�eren tial equations (ODEs), endo w ed with a giv en starting v alue:

y

0

( t ) = f ( t; y ( t )) ; t 2 [ t

0

; t

0

+ T ] ; y ( t

0

) = y

0

; (1)

where f : [ t

0

; t

0

+ T ] � R

n

! R

n

; y

0

2 R

n

. The n umerical solution of a suc h

generally nonlinear ODE system requires a large amoun t of computing p o w er.

Unfortunately , the actual hardw are adv ancemen t is not su�cien t to meet the

requiremen ts as they o ccur in large-scale problems. A natural approac h for giving

a p ositiv e answ er to the need of fast solv ers consists in the use of parallel and

distributed computer arc hitectures. The main problem is e�ectiv ely exploiting

the computational p o w er of suc h systems since adequate mathematical soft w are

pac k ages, in particular for ODEs, are not y et a v ailable. Most of the w ork to

date on the parallel solution of IVPs concen trates on dev eloping p oten tially

useful n umerical sc hemes, rather their e�ectiv e implemen tation, comparisons of

metho ds or the dev elopmen t of robust and p ortable soft w are [1].

W e concen trate our study on the class of IVPs whic h arise in solution metho ds

for time dep enden t partial di�eren tial equations (PDEs). In Section 1 w e presen t

some examples.

P arallelism in solving ODEs can b e exploited in man y w a ys. F or example, if

the solutions are needed in real times, if there is a large p erio d of in tegration,
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if a parameters �tting is to b e p erformed whic h requires rep eated in tegration, if

the function ev aluation is exp ensiv e, or if the problem to b e solv ed is sti� and

nonlinear. The means of arc hiving parallelism in IVP solv ers can b e classi�ed

in to the follo wing categories [15]:

1. parallelism across the system (across the space) { the p ossibilit y of parti-

tioning the system of ODEs b y assigning one single equations or a blo c k of

them to distinct pro cessors for concurren t in tegration;

2. parallelism across the metho d { the p ossibilit y of distributing the compu-

tational e�ort of eac h single in tegration step, or blo c k of steps, among the

v arious pro cessors;

3. parallelism across the time (across the steps) { the p ossibilit y of concurren tly

executing the in tegration o v er a certain n um b er of successiv e time steps.

W e will refer only to the parallelism across metho d. In Section 2 w e presen t some

theoretical considerations ab out the distribution of the solution computation

e�ort b y applying a n umerical metho d on more than one pro cessor.

Using a new soft w are to ol, EpODE (ExP ert system for ordinary Di�eren tial

Equations, shortly presen ted in Section 3) whic h w as constructed according the

theory from Section 2, w e answ er to the follo wing problems:

{ in what exten t can b e used a small n um b er pro cessors of a lo cal net w ork of

w orkstations or of a parallel computer in solving pro cess of a large initial

v alue problem;

{ the e�ciency of the parallel metho ds prop osed so far for solving ODEs rel-

ativ e to the sequen tial metho ds;

{ b y n umerical tests on a wide range of initial v alue problems, to iden tify from

the class of parallel metho ds whic h ha v e b een prop osed un til no w those whic h

really tak e adv an tage of distributed and parallel computer arc hitecture;

{ can b e ac hiev ed a high lev el of parallelism when the ODE system is sparse; it

is widely b eliev ed that only mo dest gains are p ossible in the e�ceincy of the

distributed co des since solving IVPs requires frequen t data comm unicatio ns.

Section 4 presen ts the test results and in terpret them in order to answ er to these

four questions.

2 Large-scale initial v alue problems { a high-demanding

computational problem

Consider the general form of a time-dep enden t partial di�eren tial equation (PDE)

in the spatial v ariable x and the time v ariable t :

u

t

= g ( x; t; u; u

x

; u

xx

; : : : ) ;

endo w ed with an initial condition function and a b oundary condition

h ( x ) = u ( x; t

0

) ; v ( x

b

; t; u ( x

b

; t ) ; u

x

( x

b

; t ) ; : : : ) = 0 :
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The classical �nite-di�erence or �nite-elemen t metho ds for PDEs are replacing

the partial deriv ativ es with algebraic appro ximations ev aluated at some space

grid p oin ts. In the metho d of lines (MOL) t is treated as a con tin uous v ariable,

u

t

is k eep unmo di�ed, and only u

x

; u

xx

; : : : are replaced with some algebraic

appro ximatio ns, lik e the follo wing one:

u

xx

( x

k

; t )  

u ( x

k +1

; t ) � 2 u ( x

k

; t ) + u ( x

k � 1

; t )

( x

k +1

� x

k

)

2

:

A suc h discretization lead to an ODE system with t as the indep enden t v ariable

and the k th comp onen t b eing an appro ximation to u ( x

k

; t ).

T able 1 presen ts t w o examples of IVPs generated from PDEs b y MOL, and

T able 2 en umerates others PDEs de�ned in one, t w o and three dimensional space

whic h are considered large-scale ODE generators.

T able 1. Brusselator mo del of a c hemical reaction-di�u sio n pro cess

PDE system u

1 t

= u

2

1

u

2

+ a � ( b + 1) u

1

+ �

1

�u

1

;

u

2 t

= bu

1

� u

2

1

u

2

+ �

2

�u

2

In terv al x 2 D = [0 ; 1]

m

; t 2 [0 ; 10] ; m = 1 or m = 2

Boundary v al. u

1

( x; t ) = a ( t ) ; u

2

( x; t ) = b ( t ) =a ( t ), x 2 @ D

Initial v alues u

1

( x; 0) = c ( x ) ; u

2

( x; 0) = b (0) =a (0) ; x 2 D

(a) Case n = 1 One dimensional mo del [7]

Discretization x

i

= i= ( n + 1) ; i = 0 ; : : : ; n + 1 ; u

( i )
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; t ) u

( i )
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( t ) = u

2

( x

i

; t )
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( i )
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= ( u

( i )
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2
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1
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2

� [ u

( i +1)

1

� 2 u

( i )

1

+ u
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1
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( i )

2 t

= bu

( i )

1

� ( u
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)

2

u

( i )

2

+ ( n + 1)

2

� [ u

( i +1)

2

� 2 u

( i )

2

+ u

( i � 1)

2

] ;

Eqs. n um b er 2 n

Boundary v als. u

(0)

1

( t ) = u

( n +1)

1

( t ) = 1 ; u

(0)

2

( t ) = u

( n +1)

2

( t ) = 3 ;

Initial v alues u

( i )

1

(0) = 1 + sin (2 � i= ( n + 1)) ; u

( i )

2

(0) = 3

Constan ts a ( t ) = 1 ; b ( t ) = 3 ; c ( x ) = 1 + sin (2 � x ) ; �

1

= �

2

= 0 : 2

(b) Case n = 2 Tw o-dimensional mo del [17]

Discretization x

i;j

= 1 = ( n + 1)( i; j ) ; i; j = 0 ; : : : ; n + 1 ; u

( i;j )

k

( t ) = u

k

( x

i

; y

j

; t )

ODE system u

( ij )

1 t

= ( u

( ij )

1

)

2

u
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2

+ a � ( b + 1) u
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1

+ ( n + 1)

2
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1
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1

+ u
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1

+ u
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1

� 4 u
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1

]

u

( ij

2 t

) = bu

( ij )

1

( u

( ij )

1

)

2

u

( ij )

2

+ ( n + 1)

2

�

2

[ u

( i +1 j )

2

+ u

( i � 1 j )

2

+

+ u

( i j +1)

2

+ u

( i j +1)

2

� 4 u

( ij )

2

] ; i; j = 1 ; : : : ; n

Eqs. n um b er 2 n

2

Boundary v al. u

(0 j )

1

( t ) = u

( n +1 j )

1

( t ) = u

( i 0)

1

( t ) = u

( i n +1)

1

( t ) = 2 + sin (4 t )

u

(0 j )

2

( t ) = u

( n +1 j )

2

( t ) = u

( i 0)

2

( t ) = u

( i n +1)

2

( t ) = 5 : 45 = (2 + sin (4 t ))

Initial v alues u

( ij )

1

(0) = 2 ; u

( ij )

2

(0) = 2 : 725

Constan ts a ( t ) = 2 + sin (4 t ) ; b ( t ) = 5 : 45 ; c ( x ) = 2 ; �

1

= 0 : 177 ; �

2

= 0 : 355

If w e apply the metho d of lines to solv e a nonlinear PDE with a giv en ac-

curacy , the resulting ODE system has generally a large n um b er of equations, is

nonlinear, sparse and sti�, and t ypically m ust b e solv ed on a long time scale. As
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T able 2. Other PDE systems whic h generate large ODE systems b y applying MOL

(a) Burgers mo del u

t

+ ( u

2

= 2 )

x

= �u

xx

illustrati ng the theory � = 0 : 0003 ; 0 � x � 1 ; 0 � t � 2 : 5

of turbulence [7] u (0 ; t ) = u (1 ; t ) = 0 ; u ( x; 0) =

p

[sin(3 � x )(1 � x )]

3

;

(b) Medical Akzo Nob el u

1 t

= [( x � 1)

4

u

1 xx

+ 2( x � 1)

3

u

1 x

] =c

2

� k u

1

u

2

;

problem in the study u

2 t

= � k u

1

u

2

;

of the p enetration of u

1

( x; 0) = 0 ; u

2

( x; 0) = u

0

;

radio-lab elled an tib o dies u

1

(0 ; t ) = ' ( t ) ; u

1 x

(1 ; t ) = 0 ;

in to tumorous tissue [10] 0 � x � 1 ; 0 � t � T ;

T = 20 ; k = 100 ;

v

0

= 1 ; c = 4 ;

' ( t ) =

�

2 ; t 2 [0 ; 5]

0 ; t 2 (5 ; 20]

(c) Cusp problem [7], a u

1 t

= � "

� 1

( u

3

1

+ u

2

u

1

+ u

3

) + � u

1 xx

;

com bination of a threshold- u

2 t

= u

3

+ cv + � u

2 xx

;

nerv e-impulse mec hanism, u

3 t

= (1 � u

2

2

) u

3

� u

2

� g u

1

+ hv + � u

3 xx

;

a cusp catastrophe and where v = ( u

1

� d )( u

1

� e )[( u

1

� d )( u

1

� e ) + f ]

� 1

the V an der P ol oscillator: u

1

( x; 0) = 0 ; u

2

( x; 0) = � 2 cos(2 � x ) ; u

3

( x; 0) = 2 sin (2 � x )

u

i

(0 ; t ) = u

i

(1 ; t ) ; i = 1 ; 2 ; 3 ; " = 10

� 4

; � = 12

� 2

;

c = 0 : 07 ; d = 0 : 7 ; h = 0 : 035 ; f = 0 : 1 ; e = 1 : 3 ; g = 0 : 4

(d) Mo v emen t of a rectan- u

tt

+ ! u

t

+ � ��u = f ( x; y ; t ) ;

gular plate under the load u

�

�

@ 


= 0 ; �u

�

�

@ 


= 0 ;

of a car passing across it { u

t

( x; y ; 0) = 0 ; where ( x; y ) 2 
 = [0 ; l

x

] � [0 ; l

y

]

{ mathematical mo del where the load f is the sum of t w o Gaussian curv es

describ ed in [7] with four wheels whic h mo v e in the x -direction.

(e) Long-range transp ort ( c

i

)

t

= �

P

3

j =1

( u

j

c

i

)

x

j

+

P

3

j =1

( K

j

( c

i

)

x

j

)

x

j

+ E

i

( x; t ) �

of air p ollutan ts in the � ( k

1 i

+ k

2 i

) c

i

( x; t ) + R

i

( c

1

; : : : ; c

q

) ; i = 1 ; : : : ; q

atmosphere { mathemati- x 2 R

3

; c

i

( x; t ) is the concen tration of the i th p ollutan t

cal mo del describ ed at space p oin t x , u

j

( x; t ) are wind v elo cities along the

in [2] three co ordinate axes, E

i

( x; t ) represen ts the emission,

k

1 i

and k

2 i

are the dry and w et dep osition co e�cien ts,

K

j

( x; t ) represen ts the di�usion co e�cien ts,

and R

i

describ es the c hemical reactions.

the accuracy requiremen t increases, the spatial grid needs to b e re�ned. There-

fore, if greater accuracy is required for the PDE solution, the ODE system is

ev en larger. The increase ratio of the n um b er of ODEs dep ends also on the space

dimension in whic h the PDE is de�ned. In the case of one-dimensional space this

dep endency is linear, in the case of the t w o-dimensional space it is quadratic, and

in the case of the three-dimensional space it is cubic. The ODE system whic h

results is usually a sti� system, i.e. the explicit metho ds are generally not suited

due to unnatural restrictions on the stepsize, and therefore, implicit metho ds

m ust b e used (whic h require a large system of nonlinear equations to b e solv ed

at eac h time step). If the mo del has to b e solv ed o v er a long time scale, man y

computations m ust b e done. All the ab o v e men tioned remarks motiv ate wh y

the solution of suc h ODE systems cannot b e obtained on a standard sequen tial

computational system fast enough.
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3 P arallelism across the metho d { exploiting the metho d

computation graph

P arallelism across the metho d means assigning di�eren t parts of the metho d

to di�eren t pro cessors. Concurren t ev aluations of the en tire function f for v ari-

ous v alues of its argumen t and the sim ultaneous solution of distinct (nonlinear)

systems of equations are examples of parallelism across metho d. This form of

parallelism is e�ectiv e for an y ODE, whereas parallelism across the problem aims

large n v alues. Therefore parallelism across metho d seems to ha v e the greatest

p oten tial for success on a general-purp ose ODE solv er using a distributed com-

puting system. More details ab out the parallelism in solving ODEs can b e found

in [12].

The parallel n umerical metho ds for ODEs are particular cases of general

step-b y-step metho ds whic h can b e describ ed b y: (a) an iterativ e form ula,

Y

n

= AY

n � 1

+ h

n

� ( Y

n � 1

; Y

n

; h

n � 1

; t

n � 1

) ; n � 1 ; (2)

where A is a m � m matrix whic h is indep enden tly on the IVP , and � is a function

(in most cases a linear one) whic h is dep enden tly on the IVP; (b) a starting

pro cedure Y

0

= � ( h

0

); (c) an implicit equation solv er in the case ( @ �=@ Y

n

) 6� 0:

solv e( X � AY

n � 1

� h

n

� ( Y

n � 1

; X ; h

n � 1

; t

n � 1

) = 0) on X ; (3)

(d) a v alidation pro cedure Z ( t

n

; h

n

) for the appro ximate v alues X ; (e) an ad-

v ance form ula, i.e. the relationship b et w een Y

n

from the left side of (2) at step

n and Y

n

from the righ t side of (2) at step n + 1:

n  n + 1 ; Y

n � 1

 X : (4)

The computations necessary to adv ance the solution from one step to another

can b e expressed b y a relation b et w een the v alues of the dep enden t v ariables,

and this relation can b e represen ted b y a graph.

Since the computation made at eac h in tegration step lo oks lik e the one made

at the preceding steps, the metho d approac h to parallelism explores metho ds

whic h maximi ze the concurrency in the graph represen ting a single-step compu-

tation.

W e sa y that directed graph G = ( V ; E ) describ es the information 
o w of

the metho d describ ed b y (2-(4)) if the set of v ertices is V = V

1

[ V

2

; with

V

1

= f ( Y

n

)

i

; j i = 1 ; : : : ; m g , and V

2

= f ( Y

n � 1

)

i

; j i = 1 ; : : : ; m g , whereas E =

E

1

[ E

2

. V is the set of all v alues of the dep enden t v ariable y whic h app ear in

the iterativ e form ulae of the metho d. A pair ( y

i

; y

j

) 2 E

1

if y

j

2 V

1

and its

corresp onding equation from the set of equations (2), dep ends on y

i

2 V , and

a pair ( y

i

; y

j

) 2 E

2

if y

j

2 V

1

, y

i

2 V

2

, and y

j

will b e pla y the role of y

i

at the

step n + 1.

The execution of a graph G follo ws t w o steps. The �rst step consists in

computing the output v alues of eac h computational no de of G

1

= ( V ; E

1

) when

all the input v alues to that no de ha v e b een computed. When there are cycles in
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T able 3. P artitioning the data-
o w graph

(a) The parallel iterated Runge-Kutta metho d (PDIRK) presen ted in [15]

Y

(0)

= y

n � 1

e; e = (1 ; 1)

T

; F (( t

1

; t

2

)

T

; ( y

1

; y

2

)

T

) = ( f ( t

1

; y

1

) ; f ( t

2

; y

2

))

T

;

Y

( j )

� hD F ( t

n � 1

+ hc; Y

( j )

) = y

n � 1

e + h ( A � D ) F ( t

n � 1

e + hc; Y

( j � 1)

) ; 0 < j � p

y

n

= y

n � 1

+ hb

T

F ( t

n � 1

e + hc; Y

( p )

)

based on Radau I IA correctors, i.e.

A =

1

12

�

5 � 1

9 3

�

; b =

1

4

�

3

1

�

; c =

1

3

�

1

3

�

; with D =

1

30

�

20 � 5

p

6 0

0 12 + 3

p

6

�

is equiv alen t for p = 3 with a six-stages third-order L-stable Runge-Kutta metho d with

the follo wing data-
o w graph G :
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The blo c k predictor-corrector metho d presen ted in [14]

�
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has the follo wing data-
o w graph G :
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the graph (in the case of implicit metho ds), computation is not p ossible un til

the graph has b een mo di�ed to break the cycles (using an iterativ e equation

solv er). The second step consists in applying (4), i.e. the relation de�ned b y E

2

(in general only assignmen ts).

Distributed execution of a computation graph consists of assigning eac h no de

in the graph to a pro cessor. All pro cessors can op erate sim ultaneously only if

ev ery pro cessor has no des whic h are ready to b e ev aluated at all times. In order

to implemen t the metho d on a parallel or distributed computational system, w e

searc h for a partitioning on pro cessors and lev els of the subgraph G

1

= ( V ; E

1

)

of G , in a same manner that it has b een theoretical done for in ternal stages of

Runge-Kutta metho ds in [4] and [8].

Our ob jectiv e is to structure the computation graph to ha v e a large width so

that there is a large degree of distribution, whic h can lead us to the theoretically

shortest execution time.

Kno wing a partitioning of G

1

b et w een a n um b er of pro cessors w e can �nd the

subgraph G

2

of G

1

whic h indicates the comm uni cations whic h m ust b e p erformed

b et w een distinct pro cessors. E

1

edges selected to form G

2

link the p oin t where

v ariable v alues are computed to the v ariable v alues whic h use them for the �rst

time.

In T able 3 w e giv e t w o examples. The line b et w een lev el 0 and lev el 1 separates

the no de v alues to b e ev aluated at one in tegration step from all the previously

computed no de v alues (kno wn as fron t of computation). The line b et w een lev el

i and lev el i + 1, where i > 0, separates the no de v alues whic h are next to b e

computed at time-steps j; j > i from all the previously computed no de v alues.

W e sa y that a metho d is a s -v alue q -lev el p -pro cessors sc heme if q is the

smallest in teger for whic h the s new dep enden t v ariable v alues can b e ev aluated

in q -time-steps and p is the smallest n um b er of pro cessors for whic h this v alue

of q can b e attained.

F or an explicit form ula eac h time-step is equal to the time required for a

function ev aluation plus a little o v erhead (additions, m ultiplicatio ns, etc.), while

for an implicit form ula, a time-step can b e more exp ensiv e, resp ectiv ely it can

b e equal to the time required to solv e an implicit equation plus a little o v erhead.

Th us on a distributed computational system with at least p pro cessors, one step

of the metho d can b e ev aluated in q time-steps.

The partition cells within eac h lev el are t ypically ev aluated in parallel, but

the cells themselv es are normally computed sequen tially , although the de�nition

do es not exclude the p ossibilit y that some graph no des within one cell can b e

ev aluated sim ultaneously with some graph no des in another.

Note that s is the n um b er of circles whic h app ear in lev els i , with i > 0.

F or go o d load balancing, the n um b er of graph no des in eac h blo c k should

b e ab out q . Consequen tly , form ulas with s � pq are preferred. T able 4 presen ts

some examples of balanced parallel metho ds.

The distributed implem en tation of eac h computation graph imp oses also ad-

equate data distribution. The b est data distribution m ust minim ize the n um b er

of in terpro cess comm unicatio ns (see T able 4.c, v ariable k

(1)

n +1

).
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T able 4. Compucation graphs and partitions of some parallel metho ds

(a) Predictor-corrector sc heme of fourth order [6],
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(c) Mo di�ed Runge-Kutta metho d of second order [18],

a 4-v alue, 2-lev el, 2-pro cessor metho d:
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A-stable, fourth-order [8],
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4 Protot yp e of an ODE solv er

Most of our w ork in the last t w o y ears has b een concen trated to create a p ortable

n umerical soft w are pac k age with the follo wing prop erties:

1. to b e a to ol for computing an appro ximate solution of an arbitrary large

initial v alue problem, in a reasonable time, using the computational p o w er

of one or more pro cessors;

2. to b e a to ol in whic h the results of some sequen tial, parallel and distributed

metho ds can b e easily compared; b y results w e mean not only the appro xi-

mate solutions whic h will b y pro duced applying the metho d to a giv en prob-

lem, but also some statistics lik e the elapsed computation time, the n um b er

of function ev aluations or matrix in v ersions;

3. to b e a to ol in whic h the problem, the solving metho d and the user option

for sequen tial/ parallel/ distributed computations are in terpreted as input

data in a general solving pro cedure; the outputs of this pro cedure are the

ab o v e men tioned results;

4. to b e a to ol with whic h the user can easily describ e, resp ectiv ely select from

an extensible database, di�eren t initial v alue problems and metho ds, and

can ask ab out they degree of parallelism (among other useful information,

lik e the problem t yp e or the metho d order);

5. to b e a to ol with a friendly user in terface and whic h acts as an exp ert system

if the user ask for guidance.

A protot yp e of an ODE solving en vironmen t w as created whic h resp ects

these ideas: EpODE (ExP ert system for Ordinary Di�eren tial Equations). It is

designed to b e a to ol with whic h a n umerical analyst, but also a non-exp ert in

ODEs, can solv e an initial v alue problem of t yp e (1). The problem to b e solv ed

will b e describ ed in a mathematical form. In order to obtain an appro ximate

solution of the problem, the user can describ e an iterativ e metho d, can select

one from a wide-range data-base, or can let the to ol to select a metho d (a decision

tree has b een implemen ted and its crossing dep ends on the problem and metho d

prop erties whic h the to ol can detect; for example, some implicit metho ds will b e

selected if w e solv e a sti� IVP). EpODE user in terface has b een presen ted in a

previous article, in [11]. More details ab out the concepts b ey ond EpODE, and

ab out others similar soft w are pac k ages, can b e found in [13]. The curren t v ersion

of EpODE can b e freely obtained from h ttp://www.info.uvt.ro/ ~p etcu/ep o de.

The EpODE general pro cedure whic h o�ers the appro ximate solution of an

IVP accepts as inputs the metho d iterativ e form ula, the adv ance form ula, an

item from a list of implicit equation solv ers, and y 2 V

1

whic h will represen t

the appro ximate solution. Based on these information, the graphs G , G

1

and

G

2

, de�ned in Section 3, are constructed for eac h particular inputs. EpODE

can detect the graph G

1

whic h corresp onds to the s -v alue q -lev el s -pro cessors

represen tation of the metho d. The graph G

1

is used to establish the order of

application of the iterativ e and adv ance form ulae, in b oth cases, of sequen tial or

distributed computations. The graph G

2

indicates the comm unications necessary

in the case of distributed computations.
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T able 5. Classes of parallel metho ds and tec hniques supp orted b y EpODE

Parallelism across:

1. the system:

1.1. on a large task lev el: the equation segmen tation metho d +

1.2. on a medium task lev el: b y a partitioning of the function ev aluations �

1.3. on a snall task lev el: b y a partitioning on a basic op erator lev el �

2. the metho d:

2.1. direct metho ds

2.1.1. Runge-Kutta metho ds: the tec hnique based on digraph analysis +

2.1.2. mo di�ed Runge-Kutta metho ds: the fron t-broadening tec hnique +

2.1.3. Runge-Kutta metho ds: the decoupling tec hniques �

2.1.4. extrap olation metho ds �

2.1.5. blo c k metho ds: b y exploitin g the data-
o w graph +

2.1.6. general linear metho ds: the tec hnique based on digraph analysis +

2.2. iterativ e metho ds

2.2.1. predictor-corrector sc hemes based on m ultistep form ulae +

2.2.2. predictor-corrector sc hemes based on Runge-Kutta correctors �

2.2.3. predictor-corrector sc hemes for blo c k metho ds with m ultistep f. +

2.2.4. predictor-corrector sc hemes for blo c k metho ds with Runge-Kutta c. �

3. the time:

3.1. w a v eform relaxation metho d of Jacobi t yp e +

3.2. other metho ds �

In T able 5 w e ha v e scratc hed the parallel metho ds and tec hniques supp orted

b y EpODE. W e ha v e denote b y ' � ' a class of metho ds partially co v ered, b y '+'

a class of metho ds whic h ha v e b een or can b e implemen ted in EpODE, b y ' � ' a

class of metho ds whic h ha v e not b een and cannot b e implem en ted in the curren t

v ersion, and b y ' � ' a class of metho ds whic h can b e written in a form of some

metho ds from a class denoted b y '+'.

In order to apply the parallelism across the system, the initial v alue problem

is analyzed. Using the dep endency graph b et w een the problem v ariables, the to ol

can detect if the ODE system can b e decomp osed in to some smaller indep enden t

subsystems. These subsystems can b e in tegrated in parallel (attaining a high

e�ciency not only b y implemen tatio n on a parallel computer, but also on a

distributed system). Unfortunately , the equation segmen tation metho d can b e

applied only to a sp ecial class of IVPs.

Our n umerical tests pro v e that the parallelism across time cannot b e ap-

plied to solv e large nonlinear ODE systems with similar e�ciency results as the

parallelism across metho d, at least when the computations are p erformed on a

distributed system.

The main facilities pro vided b y EpODE are rep orted in T able 6. The data

banks include a wide range of problemes and metho ds (also those from T ables

1, 2, 3, 4). New problems and metho ds can b e easily added.
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T able 6. EpODE facilities

Problem Metho d Solution

User Problem v ariables Metho d v ariables Error con trol

in ter- Di�eren tial equations Iterativ e equations Select step-size/n um b er

face Initial v alues Starting pro cedure Constan t/v ariable stepsize

In tegration in terv al Implicit eqs.solv er Seq./distrib. computations

T o ol Jacobian generator T est of implicitness Select metho d list accord.IVP

faci- Linearit y test T est: m ulti-step/stage Select metho d accord.req.error

lities Sparsit y test T est of m ultideriv ative Select stepsize accord.metho d

Decomp osition test Metho d order User in teruption p oin ts

Sti�ness test T est A

0

-stabilit y Solution in 2D/3D graphics

Problem classi�cati on P arallelism degree Solution in tabular represen t.

Data 
o w graph Time statistics

Data Nonsti�/sti� IVPs Linear one/m ultistep Files with solution v alues

banks Small/large IVPs General linear/nonl in ear Sessions: IVP+metho d+sol.

Linear/nonli nea r IVP One/m ultideriv ati v e

Serial/parall el metho ds

5 Numerical exp erim en ts

W e presen t in this selection some examples illustrating the e�ciency of parallel

metho ds on distributed computational systems. The initial v alue problems whic h

w ere selected for n umerical tests are those whic h can b e obatined applying the

MOL to the PDEs presen ted in T ables 1 and 2. W e ha v e solv e suc h system of

ODEs v arying the n um b er of equations from 10 to 400. The n umerical solutions

and the statistics ha v e b een obtained using EpODE facilities. The PVM pac k age

(P arallel Virtual Mac hine [5]) w as used for pro cess in tercomm unication b ecause

of his p ortabilit y on wide range of parallel and distributed computation systems.

The studies ha v e b een done on a net w ork of Sun and PC w orkstations. Similar

tests on shared memory parallel computers and transputer mac hines ha v e b een

rep orted in [9], resp ectiv ely in [3].

T able 7 presen ts the sp eedups obtained in t w o distinct cases: applying an

explicit and an implicit metho d on one pro cessor (sequen tial execution time, T

s

)

or on t w o pro cessors (distributed execution time, T

d

). Note that the execution

times are relativ e to one in tegration step. Since the e�ort on di�eren t in tegration

steps is similar, and usually the in tegration in terv al is v ery large, the sp eedup of

the distributed co de computed on the full in tegration in terv al is appro ximately

equal to the sp eedup of the distributed co de computed for one in tegration step.

Whereas for the implicit metho d w e get a go o d sp eedup, closest to the ideal v alue

of pro cessor n um b er, for the explicit metho d the sp eedup is far to b e satisfactory .

Since the test problems are sti� ones, the explicit metho d requires a v ery small

in tegration step compared with that admitted for the implicit metho d. The end

of in tegration in terv al is therefore hardly attained b y the explicit metho d, ev en
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T able 7. Execution times p er one step, sp eedups and e�ciency results in the case of

one-dimensional Brusselator mo del presen ted in T able 1 and t w o solution metho ds

Diagonall y implicit Runge-Kutta Blo c k predictor-corrector metho d

metho d presen ted in T able 4.c presen ted in T able 3.b

No. Seq. Distr. Comm. Sp eedup Metho d Seq. Distr. Comm. Sp eedup Metho d

eqs. times times o v er- T

s

=T

d

e�ciency times times o v er- T

s

=T

d

e�ciency

T

s

(s) T

d

(s) head T

s

= ( pT

d

) T

s

(s) T

d

(s) head T

s

= ( pT

d

)

10 0.294 0.269 23% 1.091 54.6% 0.005 0.581 98% 0.009 0.4%

20 0.875 0.628 13% 1.394 69.7% 0.010 0.605 98% 0.017 0.8%

40 2.820 1.815 9% 1.553 77.7% 0.021 0.625 97% 0.034 1.7%

60 6.239 3.780 8% 1.651 82.5% 0.035 0.639 95% 0.054 2.7%

80 11.66 6.920 7% 1.685 84.3% 0.054 0.651 93% 0.083 4.1%

100 20.21 11.78 7% 1.715 85.8% 0.080 0.675 90% 0.118 5.9%

200 117.3 64.41 7% 1.821 91.0% 0.250 0.775 78% 0.323 16.1%

300 321.0 174.1 6% 1.839 91.9% 0.519 0.864 60% 0.601 30.0%

400 702.3 379.8 6% 1.842 92.1% 0.851 1.016 44% 0.837 41.8%

through the execution time p er one in tegration step is smaller than that of the

implicit metho d (in the last case an iterativ e implicit equation solv er m ust b e

applied, and in the particular case of sti� problems predictor-corrector sc hemes

are ine�cien t). W e ha v e use as implicit equation solv er a Newton-lik e pro cedure.

Note the decrease of the pro cess in tercomm unication o v erhead p ercen t with the

n um b er of ODEs.

Figure 1 sho ws the small di�erences b et w een the sp eedups rep orted for dif-

feren t implicit solution metho ds and the big di�erences b et w een the e�ciency

rep orted for implicit v ersus explicit metho ds.

In T able 8 w e giv e more details ab out the execution times and e�ciency mea-

suremen ts rep orted in Figure 1. Note the small di�erences b et w een the e�ciency

of the theree implicit metho ds with t w o, three, resp ectiv ely four lev els on one

time step.

6 Conclusions

The test results indicate that w e can discuss ab out e�ciency of the distributed

implem en tation in the case of implicit metho ds ev en if w e ha v e a small n um b er

of ODEs. In opp osite situation is the case of explicit metho ds when the e�ciency

attains a reasonable lev el only for systems of h undred order of ODEs. Therefore

a sti� solv er for large IVPs is ideally suited for distributed pro cessing, and the

theoretical paralleling of explicit metho d is practically ine�cien t in the particular

case of large-scale sparse ODE systems deriv ed from PDEs.
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