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Abstract. W e describ e a Maple pac k age named D-NODE ( D istributed

N umerical solv er for ODE s), implemen ting a n um b er of di�erence me-

tho ds for initial v alue problems. The distribution of the computational

e�ort follo ws the idea of parallelism across metho d. W e ha v e b enc hmark

the pac k age in a cluster en vironmen t. Distributed Maple ensures the

in ter-pro cessor comm unications. Numerical exp erimen ts sho w that pa-

rallel implicit Runge-Kutta metho ds can attain sp eed-ups close to the

ideal v alues when the initial v alue problem is sti� and has b et w een ten

and h undred equations. The stage equations of the implicit metho ds are

solv ed on di�eren t pro cessors using Maple 's facilities.

Keyw ords : parallel n umerical metho ds for ordinary di�eren tial equa-

tions, distributed computer algebra systems, p erformance analysis.

1 In tro duction

W e will concerned with the n umerical solution of systems of initial v alue ordinary

di�eren tial equations (IVPs for ODEs) of the form
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In the n umerical solution of ordinary di�eren tial equations b y implicit time-

stepping metho ds a system of linear or nonlinear equations has to b e solv ed eac h

step. The costs of the linear algebra asso ciated with the implemen tation of the

implicit equation solv er generally dominate the o v erall cost of the computation.

The n umerical in tegration of large IVPs is also time consuming. Suc h large

(and sti� ) problems often arise in the mo deling of mec hanical and electrical en-

gineering systems or in the solution of semi-discretization of con v ection-di�usion

problems [7] asso ciated to time-dep enden t parab olic PDEs. The sti�ness of these

problems requires that the n umerical metho ds to b e used should b e uncondition-

ally stable, and therefore implicit. The metho ds are computationally demanding

and require to da y's fastest high p erformance computers for practical implemen-

tations. Ho w ev er, access to a fast high-sp eed computer is not su�cien t. One m ust

also ensure that the great p oten tial p o w er of the computer is correctly exploited.

The aim of this pap er is to in v estigate in what exten t parallel implicit Runge-

Kutta metho ds can b e used to solv e sti� initial v alue problems of ten to h undred



equations using Distributed Maple . Stage systems to b e solv ed are distributed

among the pro cessors of a cluster system. T ables and �gures illustrate the p er-

formance of the implemen ted metho ds.

The pap er is organized as follo ws. Section 2 motiv ates the presen t w ork. Sec-

tion 3 describ es the ob jectiv es of a Maple pac k age named D-NODE ( D istributed

N umerical solv er for ODE s), implemen ting a n um b er of di�erence metho ds de-

signed in the idea of parallelism across metho d. In Section 4 w e rep ort the

n umerical results obtained using some kno wn parallel implicit Runge-Kutta me-

tho ds. W e ha v e b enc hmark the pac k age in a cluster en vironmen t.

2 On IVP solving strategies

One iterativ e step of man y implicit sc hemes for IVPs of the form (1) requests

the solution of a system of algebraic equations of the form
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. It is common practice to use

�xed-p oin t iterations or, in the sti� case, some mo di�ed Newton iterations. The

con v ergence rate of suc h metho ds dep ends on the metho d step-size. Implicit

Runge-Kutta sc hemes (IRK) are among the n umerical tec hniques commonly

considered as e�cien t ones in sti� IVP case. The use of a s -stage IRK metho d

for ODEs requires the solution of nonlinear systems of algebraic equations of

dimension sm ( m de�ned in 1). Usually , the solution of this system represen ts

the most time-consuming section in the implemen tation of suc h metho d.

A general w a y of devising parallel ODE solv ers is that of considering meth-

o ds whose w ork p er step can b e split o v er a certain n um b er of pro cessors. The

so-called solv ers with parallelism across the metho d are then obtained. Suc h

metho ds are essen tially Runge-Kutta sc hemes. F or a parallel implicit Runge-

Kutta metho ds the system (2) can b e split in to a n um b er k � s indep enden t

subsystems. F rom the computational p oin t of view, the diagonally implicit RK

metho ds (DIRK metho ds) are the most attractiv e metho ds since they ha v e

suitable stabilit y prop erties and the implemen tation can b e carried out with

a lo w er computational cost than fully IRK metho ds. Blo c k diagonally implicit

RK metho ds (BDIRK) are also used. The so-called PDIRK metho ds are parallel

diagonally iterated RK metho ds. The computational cost in v olv ed in their im-

plemen tation is similar to DIRK metho ds. PDIRK metho ds are able to pro duce

accurate results at a relativ ely high price. Unfortunately these metho ds are not

the most suitable for solving semi-discretized PDEs in whic h it is necessary to

generate relativ ely lo w-accuracy results at lo w price [2]. The construction of a

some PDIRK using Maple is presen ted in [4]. P arallel singly diagonally iterated

RK metho ds (PSDIRK) are particular metho ds of PDIRK t yp e.

Computer algebra systems (CAS) can b e used with success in protot yping se-

quen tial algorithms for sym b olic or n umeric solution of mathematical problems.



Maple is suc h a CAS. Constructing protot yp es for parallel algorithms in Maple

for n umeric solution of ODEs is a c hallenging problem. Distributed Maple [12]

is a p ortable system for writing parallel programs, in a CAS, whic h allo ws to

create concurren t tasks and ha v e them executed b y Maple k ernels running on

di�eren t mac hines of a net w ork. The system can b e used in an y net w ork en viron-

men t where Maple and Java are a v ailable. The user in teracts with the system

via the text orien ted Maple fron t-end. It also pro vides facilities for the online

visualization of load distribution and for p ost-execution analysis of a session.

W e kno w that solving systems of algebraic or di�eren tial equations of order

sev eral h undreds can b e an unsolv able problem for an actual CAS. Systems of

order sev eral tens equations can b e solv ed with Maple but the long running-time

ma y b e a great problem for the user. A correct use of extensions lik e Distributed

Maple can impro v e the solution computation time. The computer facilities re-

quired b y suc h an extension are reasonable for an y user since it not supp oses

access to sup er-computers.

In general, the system (2) is solv ed n umerically using rep eated ev aluation

of the function F at di�eren t v alues (in the case of a sti� system, they are

also required some rep eated Jacobian matrix ev aluations). In a message-passing

computing en vironmen t these v alues m ust b e comm unicated b et w een di�eren t

pro cessors participating to a time-step in tegration of the IVP . Sending to a

w orking pro cessor the algebraic expressions of the part of F for whic h it is

resp onsible can b e a b etter solution eliminating a signi�can t quan tit y of v alues

to b e comm unicated b et w een the sup ervisor-pro cessor storing F and the w ork er-

pro cessors. The in terpretation of an algebraic expression requires at a w ork er

pro cessor side at least a small sp eci�c expression in terpreter (lik e Maple k ernel).

The implicit equation solv er can substan tially a�ect the global error of the

n umerical solution of an IVP . T ak e for example the �xed-p oin t iterations whic h

usually do not con v erge in the sti� IVP case to the exact solution of the system

(2). Using a �xed-p oin t iterations and ignoring this remark and also the use error

con trol strategies, w e can obtain a n umerical solution far from the real solution.

In practical implemen tation of implicit time-stepping metho ds the hardest parts

are the implicit equation solv er implemen tation and the error con trol mec hanism

com bined with v ariable step-size strategies. Using n umerical facilities of CAS

systems to do the �rst job it can simplify the programmer w ork.

W e prop ose the use of implicit equation solv er of Maple for the solution of

system (2). In the case of parallel IRK, indep enden t stage-subsystems in Maple

algebraic form are to b e send to some w ork er-pro cessors in order to solv e them.

3 D-NODE ob jectiv es

The pro ject of a Maple pac k age, D-NODE ( D istributed N umerical solv er for ODE s)

is in tended to b e an up date to the ODEtools Maple pac k age. It implemen ts a

n um b er of di�erence metho ds designed in the idea of parallelism across metho d

[15]. The pac k age is a part of a bigger pro ject of an exp ert system for n umerical

solution of ODEs [10] and it is exp ected to b e �nalized at the end of this y ear.



The facilities of ODEtools from Maple , and the similar to ols from other CAS,

are far to co v er all the user needs (for example, the sti� IVP solving case). Recen t

rep orts demonstrate the e�ort to impro v e these to ols. F or example, the pap er

[13] describ es mathematical and soft w are dev elopmen ts for a suite of programs

for solving ODEs in Matlab .

D-NODE pac k age has similar facilities with EpODE ( E x P ert system for ODE s), re-

cen tly presen ted [10] and a v ailable at http://www.info.u vt .r o/~ petcu/epode :

a large collection of parallel metho ds w orking in a distributed computing en viron-

men t, automatic detection of metho d prop erties including metho d classi�cation,

order, error constan t and stabilit y , degree of parallelism, metho d-in terpreter for

describing new metho ds, automatic detection of problem prop erties (lik e sti�-

ness), step-size selection mec hanism according the metho d and problem prop er-

ties, n umerical solution computation on a distributed net w ork of w orkstations

(in EpODE based on PVM [8]).

4 Numerical exp erimen ts

This section is dev oted to the in terpretation of the test results in the in tegration

of large non-linear ODE systems and to the comparisons with the test results of

other similar to ols (one of them b eing EpODE , part of the same pro ject [9]).

W e consider four metho ds represen tativ e for their class of parallel IRK and

whic h w ere included in D-NODE . W e ha v e b enc hmark the corresp onding pac k age

functions in a cluster en vironmen t. The cluster comprises 4 dual-pro cessor Silicon

Graphics Octanes (2 R10000 at 250 MHz eac h) link ed b y three 10 Mbit Ethernet

subnet w orks connected to a router.

The �rst sc heme is the 4-stage, 2-pro cessor, 4th-order, A-stable DIRK metho d

describ ed in [6]. The second one is a 6-stage, 2-pro cessor, 3th-order, A-stable

PDIRK metho d based on Radau I IA corrector and presen ted in [14]. The third

one is the 4-stage, 2-pro cessor, 4th-order, L-stable Hammer-Hollin w orth BDIRK

metho d [5]. The last one is the 9-stages, 3-pro cessor, 4th-order, A-stable PS-

DIRK presen ted in [2]. Details ab out these metho ds can b e found also in [11].

The degree of parallelism of a metho d can b e detected b y applying the direct-

graph metho d prop osed in [5]. Figure 1, generated b y EpODE , presen ts the pro-

p osed distributions of the computations on pro cesses and parallel stages for the

ab o v e men tioned metho ds.

In order to sho w the p erformance of the metho ds on semi-discrete PDEs w e

include in our tests the linear IVP obtained from the follo wing PDE [13]:
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x 2 [0 ; � ] ; u ( x; 0) = sin( x ) ;

t 2 [0 ; 10] ; u (0 ; t ) = u ( � ; t ) = 0 :

(3)

As the second test problem w e tak e the nonlinear IVP obtained b y the semi-

discretization of the follo wing nonlinear con v ection-di�usion problem [1]:
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t 2 [0 ; 1] ; u (1 ; t ) = cos ( t ) :
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Fig. 1. Data-
o w graphs rep orted b y EpODE [10]: from left to righ t and from top to

b ottom, the four metho ds { An arc from the left-part of a circle means a dep endency

from the top v ariable to the b ottom v ariable, an arc from the righ t-part of a circle

means a dep endency from the b ottom to the top v ariable when starting the next

in tegration step, and an almost horizon tal arc indicates an in terdep endence b et w een

the t w o link ed v ariables. A k -lab eled no de refers the solving pro cedure for obtaining

the v alue of the v ariable k using the previous (ab o v e) computed lab eled no de-v alues.

More than one lab eled-no de in a computational cell indicates that a system formed

with those v ariables m ust b e solv ed.

In order to solv e b oth problems, w e carry out a semi-discretization on the spatial

v ariable b y using second-order symmetric di�erences on an uniform grid with

mesh size �x = 1 = ( m + 1). This metho d (of lines) leads to IVPs with m ODEs.

As the third problem w e tak e a real one. The selected PLEI [3] problem (28

ODEs) is the celestial mec hanics problem of sev en stars. Similar IVPs ha v e b een

studied in [7] for the case of a shared-memory parallel computer.

Figure 2 obtained b y using the visualize pro cedures from Distributed Maple

sho ws the ratio b et w een sequen tial and distributed time measuremen ts corre-

sp onding to one or more arbitrary in tegration step. First v ertical blo c k of eac h

�gure corresp onds to one sequen tial-in tegration, and the second one to the dis-

tributed in tegration. A horizon tal line corresp onding to a lo cal or remote pro-

cessor indicates the time when that pro cessor is busy (con tin uous tasks). The

time in seconds rep orted in the b ottom-righ t corner of eac h �gure represen ts

the total time, the sequen tial one plus the distributed one. The time di�erence

b et w een a lo cal and a remote task can b e explained b y the fact that the lo cal



seq->distseq 96.69 s

local

remote

seq->distseq 99.17 s

Fig. 2. Time diagrams and pro cessor load p er k in tegration-steps: left �gure for the

�rst metho d and the linear problem with m = 60 and k = 5 steps, righ t �gure for the

fourth metho d and the nonlinear problem with m = 20 and k = 1 steps

seq->distseq 43.11 s

1

2

3

Fig. 3. Load balancing for k -in tegration steps: PSDIRK for linear problem with m = 20

and k = 10 steps (top-left), with m = 10 and k = 10 (top-righ t), and for nonlinear real

problem with m = 28 and k = 1 (b ottom-left), resp ectiv ely metho d DIRK metho d for

nonlinear problem with m = 25 and k = 1 (b ottom-righ t).

pro cessor m ust compute explicitly the appro ximate solution y

n +1

( y in Figure 1)

from computed Y v ector ( x and k

i

), m ust send the tasks to the other pro cessors

and the m ust prepare the algebraic systems to b e solv ed.

Figure 3 also pro duced b y Distributed Maple o�ers more details ab out

the load-balancing b et w een the running pro cesses. Analyzing the top images w e

see that small linear IVPs (at least for our test problem with m = 10 � 20

equations), cannot b e in tegrated in a distributed computational en vironmen t

faster than using a sequen tial computer, since the distributed task are small

relativ e to the o v erall time sp en t in one distributed in tegration step (including

the necessary comm unications). In the case of nonlinear problems of similar

dimensions, almost all computation time is sp en t on computing stage solutions

(con tin uous horizon tal lines).



T able 1. E�ciency results E

p
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s

; T

p

are the mean times necessary to p erform one-in tegration step using

one, resp ectiv ely p pro cessors.

Linear problem Nonlinear problem Real

Metho d p n m 10 20 40 60 5 10 15 20 28

DIRK 2 9.84 25.38 53.85 81.25 24.62 49.97 86.11 94.12 97.00

PDIRK 2 13.96 29.05 66.66 76.72 28.26 51.43 87.38 97.00 94.12

BDIRK 2 34.48 63.08 86.57 88.32 63.08 92.00 99.98 99.99 95.54

PSDIRK 3 10.18 22.67 50.43 67.70 24.31 51.88 81.96 99.10 97.33

The e�ciency measuremen ts of the distributed implemen tation of the se-

lected metho d are shortly presen ted in T able 1. The v ertical lines split the ine�-

cien t v alues (left) from the e�cien t v alues (righ t). W e can arrange the analyzed

metho ds in a increasing trust order dep ending on the order in whic h they attain

the v ertical lines: DIRK, PDIRK, BDIRK (w e m ust prefer the BDIRK metho d).

These metho ds app ear in the rev erse order if w e sort them b y the momen t when

they complete a time-step (DIRK is the faster one). Therefore supplemen tary

parameters (lik e recommended step-size) m ust b e tak e in to accoun t when w e

select a distributed metho ds. W e see also that the 3-pro cessor PSDIRK metho d

can b e almost so e�cien t as a t w o-pro cessor metho d when w e solv e a nonlinear

problem.

W e cannot exp ect to obtain similar e�ciency results when w e use explicit

Runge-Kutta metho ds (or explicit m ultistep metho ds), since the solution of a

stage equation in v olv es only a small n um b er of function ev aluations and v ector

op erations.

Comparing the ab o v e e�ciency results with those rep orted [9] for similar

problems using EpODE written in C , w e m ust remark here a lo w est barrier in IVP

sizes b et w een e�cien t and ine�cien t implemen tation of distributed solv ers. This

fact is due to the implicit equation solv er implemen ted in Maple whic h is more

time-consumer than some mo di�ed Newton iterations written in programming

language lik e C . On other hand w e can ha v e more trust in the Maple solution of

implicit equation system. Using the accurate solution of implicit stage-equations

pro duced b y Maple w e can apply the error con trol strategies for ODE solv ers

often rep orted in literature (usually the great in
uence of the implicit equation

solv er on the global error of the n umerical ODE solution is neglected).

5 Conclusions

D-NODE , a Maple pac k age using Distributed Maple extends the n umerical ODE

solving capabilities of Maple to systems of order tens or order h undreds of equa-

tions b y exploiting the computational p o w er of a lo cal net w ork of w orkstations.



A strategy w as adopted in whic h parts of some nonlinear systems to b e solv ed at

eac h time-step are send in algebraic forms to the w ork ers. The solution accuracy

comp ensates the supplemen tary time required b y this non-classical pro cedure.

E�ciency measuremen ts indicate that the parallel implicit Runge-Kutta meth-

o ds are �tted with this strategy .

Ac kno wledgmen ts This w ork w as supp orted b y Austrian Science F oundation

pro ject FWF/ SFB F1303, and b y the ERASMUS EU-gran t SOCRA TES 1999/

2000. The author w ould lik e to express her appreciation to W olfgang Sc hreiner,

the creator of Distributed Maple and to thank him for the fruitful discussions.

References

1. Cong, N., A P arallel DIRK Metho d for Sti� Initial-V alue Problems. J. Comp. Appl.

Math. 54 (1994), 121-127.

2. F ranco, J.M., Gomez, I., Tw o Three-P arallel and Three-Pro cessor SDIRK Metho ds

for Sti� Initial-V alue Problems, J. Comp. Appl. Math. 87 (1997), 119-134.

3. Lio en, W.M., de Sw art, J.J.B., v an der V een, W.A., T est Set for IVP Solv ers, Re-

p ort NM-R9615, CWI, August 1996, h ttp://www.cwi.nl/cwi/pro jects/ IVPtestest.

4. Lio en, W.M., On the diagonal appro ximation of full matrices, J. Comp. Appl.

Math. 75 (1996), 35-42.

5. Iserles, A., N�rsett, S.P ., On the Theory of P arallel Runge-Kutta Metho ds. IMA

J. Numer. Anal. 10 (1990), 463-488.

6. Jac kson, K.R., N�rsett, S.P ., The P oten tial for P arallelism in Runge-Kutta Meth-

o ds, SIAM J. Numer. Anal. 32 , No. 1 (1995), 49-82.

7. Kahaner, D.K, Ng, E., Sc hiesser, W.E., Thompson, S., Exp erimen ts with an ODE

Solv er in the P arallel Solution of MOL Problems on a Shared-Memory P arallel

Computer, J. Comp. Appl. Math. 38 (1991), 231{253.

8. P etcu, D., Implemen tations of Some Multipro cessor Algorithms for ODEs Using

PVM. In LNCS 1332 (1997): Recen t Adv ances in PVM and MPI, eds. M. Bubak,

J. Dongarra, J. W a � sniewski, Springer V erlag, Berlin, 375-382.

9. P etcu, D., Solving Initial V alue Problems with a Multipro cessor Co de. In LNCS

1662 (1999): P arallel Computing T ec hnologies, ed. Victor Malyshkin, Springer

V erlag, Berlin, 452-466.

10. P etcu, D., Dr� agan, M., Designing an ODE Solving En vironmen t. In LNCSE 10

(2000): Adv ances in Soft w are T o ols for Scien ti�c Computing, eds. H.P . Langtangen,

A. M. Bruaset, E. Quak, Springer-V erlag, Berlin, 319-338.

11. P etcu, D., Numerical Solution of ODEs with Distributed Maple, T ec hnical Rep ort

00-09 (2000), Researc h Institute for Sym b olic Computation, Linz, 12 pages.

12. Sc hreiner, W., Distributed Maple { User and Reference Man ual. T ec hnical Re-

p ort 98-05 (1998), Researc h Institute for Sym b olic Computation, Linz, and

h ttp://www.risc.uni-linz.ac.at/soft w are/dis tmaple.

13. Shampine, L.F., Reic helt, M.W., The Matlab ODE Suite. SIAM J. Sci. Comput.

18 , No. 1 (1997), 1-22.

14. Sommeijer, B.P ., P arallel Iterated Runge-Kutta Metho ds for Sti� Ordinary Di�er-

en tial Equations. J. Comp. Appl. Math. 45 (1993), 151-168.

15. V an der Hou w en, P .J., P arallel Step-b y-Step Metho ds. Appl. Num. Math. 11

(1983), 69-81.


